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TECHNICAL NOTE 3878

THEORETTICAT, AND EXPERTMENTAT. INVESTTIGATION OF RANDOM
GUST LOADS. PART I - AERODYNAMIC TRANSFER
FUNCTION OF A SIMPLE WING CONFIGURATION
IN INCOMPRESSIBLE FLOW

By Raimo J. Hakkinen and A. S. Richardson, Jr.
SUMMARY

Measurements of sinusoidally osclillating downwash and 1ift produced
on a simple rigid alrfoll have been made. Comparison with theory indi-
cates agreement in order of megnitude and trend, although the scatter of
results precludes thelr use for direct verification of Sears' gust func-
tion. Necessary improvements in experimental technlques are discussed.

Measurements of statlstically stationary random downwesh and corre-
sponding 1ift on a simple rigid alrfoil have been made end values of the
transfer function between their power spectra determined. An gpproximate
analysis has been carried out and the results are compared with the present
experimental results as well as with those of another investigation. Rea-
sonable agreement is shown at high reduced frequencies. A more extensive
nmeasurement program is recommended.

INTRODUCTION

Until recently, the emphasis in investigations of aircraft gust loads
has been on the response to a single gust. Flight test programs, beginning
with Doolittle's work in 192k (ref. 1), have been carried out in order to
determine a reasoneble "maximm" gust veloeity for sirworthiness require-
ments (refs. 2 and 3). Theoretical considerations, following the funda-
mental papers of Rhode and Imndquist (ref. 4) and of Kissner (ref. 5),
have dealt primarily with methods for computing the transient response
of an aircraft to such a single gust.

In reality, however, atmospheriec turbulence does not generally con-
gist of single gusts but is a contlnuocus random process. An airplane
flying through disturbed ailr experiences a load history which is a ran-
domly oscillating function of time. It is therefore asppasrent that an
analysis of gust loads based on the concept of a random process instead
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of that of a single gust would be much closer to the physicel nature of
the problem and could also be expected to yield more realistic and sig- "
nificant results. Uhfortunately, the necessary mathematical techniques
had been lacking until Wiener's generalized harmonic analysis (e.g.,
€ef 6))was applied to practical problems in engineering and research
ref. T

By treating the atmospheric turbulence as a statistically statlonary
process and by meking use of the response of an aireraft to a purely sinus-
oidal disturbance, the generalized harmonic asnslysis provides relations '
between the power spectral densities of the fluctuations of the vertical
velocity component end of the 1ift experienced by the airplane. In gen-
eral, 1f these power spectra are denoted by &y and 07, respectively,
and the sinusoildal transfer function of ‘the aircraft, by INMw), and if
the effects of spanwise variation of the lnstantaneous downwash are
neglected, one obtains

o1 () = (dzL qb“) Ir (@) fPoy )

A similar result was utilized by Clementson in 1950 .(ref. 8) for
deducing power spectra of atmospheric turbulence from the measurements
of pitch response of aircreft in flight. Kf the seme time, Liepmemn -
computed the response of an sirfoil to turbulent velocity fluctuations
(refs. 9 and 10). Since these reports, several papers have been published A
about the gust-load problem (refs. 11 to 17) as well as about the "inverse"
problem of atmospheric turbulence measurements (refs. 18 and 19).

.

The present research program at the Massachusetts Institute of
Technology was motivated by the lack of, experimentel proof of the valid-
ity of the new method. Except for concurrént work (ref. 13), there were
no investigations which could provide such a proof. TIn fact, even the
two-dimensional sinusoidal response function, which was computed by Sears
in 1941 (ref. 20), had never been satisfactorily verified experimentally.
It was therefore decided to undertake the following two-phase program:

(1) To create = sinusoidal cross-velocity fluctuation in a low-speed
wind tunnel and to measure its characteristics, as well as the character-
istics of the lift fluctuation on an airfoil of simple geometric configu-
ration exposed to the veloclity fluctuations. From the measurements one
can then obtain experimental velues of ﬁhe transfer function which are
dlrectly compasrable with Sears' gust function.

(2) To create a random but statistically stetionary velocity dis-
turbence fileld in & low-speed wind tumnel and to measure the power spectra
of fluctuations of velocity and of lift on a rigid airfoil. From the »
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measurenents one can again obtain experimental values of the amplitude
gein of the transfer function, and a comparison with theoreticsl results
can be mede.

During the course of the investigation, several problems which were
secondary to the main objective turned out to be of importance. One of
these 1s the effect of spanwise variation of the turbulent velocity fluc-
tuation, which modifies the sinusoidal trensfer function much more +han
was originelly expected. Another problem to which considerable effort
had to be devoted is that of the measurement of statistical quantities
with sufficient accuracy.

This resesrch was conducted under the spoansorship and with the
finanecisl assistance of the National Advisory Committee for Aeronautics.

SYMBOLS
A area of force-sensitive wing section, sgq in.
a,' hot-wire overheating ratio, EE—%—BE
a(w,n,) filter response curve
b span of force-sensitlve wing section, in.
® cos &'
Ci cosine integral, Ci(t) = - f — ag!’
4
Cy, 1ift coefficient
c chord, in. .
F(ap) filter factor, radians/sec
f filter output, mv
g span-effect correction factor

Ho(z),Hi(a) Hankel functions

h 11t influence function, in. 2
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h wing oscilliation amplitude, in.
ho strip-theory 1lift influence function, in.-2
Iy total 1ift influence function, in.=@
I hot-wire current, ma
Is hot-wire calibration constant, ma
Jdgsdq Bessel functions of first kind
KosKy modified Bessel functions of second kind
k reduced frequency --
ky _ streanwise wave number, radiasns/in.
ko spanwise wave number, radiens/in.
L 1ift, 1b
A streamwise distence, in.
Q filter-band-width parameter in Ia(oa,wo)le = L >
1+ uqz(-w—l—“ﬁ)
®o
q dynemic pressure, psi
Re hot-wire cold resistence, chms
Ry, hot-wire working resistance, ohms
r hot-wire output tapping ratio
8 Sears' gust function
E '
si gine integral, Si(g) = fo -3-13-;-,5- as’
8 thermocouple output, mv
T integration time, sec

Te thermocouple time constant, sec
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t time, sec

U stream velocity, mph and in./sec

u streamwise velocity fluctuation, in./sec
v crosswige veloeity fluctuation, in./sec
b 4 gtreamwise coordinete, in.

¥ spanwise coordinste, in.

a angle of ettack, radians

Bse dimensionless variable in g

r transfer function in one varisble

¥ transfer function in two wave numbers

7 dimensionless thermocouple time constant

spanwise distance variable

A turbulence scale, in.

v hot-wire output voltage, mv

& streamwise distance variable, in.

p dimensionless integration time

(o] root-mean~square error

T time variable, sec

11 1ift power spectrum

8181 power spectral density of input

¢vv power spectral density of v in one variable,
(in./sec)?(radians/in.)-1

Evv power spectral deneity of v in two wave numbers,
(in./sec)?(radiens fin.)-2

Pr1, 1ift correlation function

normalized correlation function of s(%)
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Pyv correlation function of v in one varlsble, (in./sec)2

Dy correlation function of v in two variables, (in./sec)2

¥ hot~wire angle, radians S -
Q reduced circulation amplitude, in./sec

o circular frequency, redians/sec

GENERAL EXPERIMENTAL EQITPMENT

Wind Tunnel

All measurements were performed in the 5~ by T%-foot low-speed wind

tunnel of the M.I.T. Aercelastic and Structures Resesrch Lesboratory. This
tunnel has a maximum speed of approximately 100 mph. However, in order to
avold excessive overheating of the tumnel during long runs most of the
Present measurements were made at a speed of 50 mph.

Since this wind tunnel was originally built for flutter investiga-
tions, no speclal care was teken in its design to obtaln a low turbulence
level. As shown in figure 1, both the contraction ratic and the distance
from the turning vanes to the test section are relatively smsll. A tur-
bulence level of the order of one-quarter of 1 percent root mean square
of the free-stream velocity was measured at & speed of 50 mph with an
uncompensated 0,00015-inch tungsten hot-wire, which haes a frequency-
response cutoff around 200 cps.

The tunnel velocity wes generally measured by means of a pitot-static
probe and an inclined-tube alcohol manometer. In hot-wire calibrations,
very low velocities (of the order of 3 fps) were needed and the vortex-
frequency technique described in reference 21 was successfully used. In
the overlapping region of the ranges of the two velocity measuring devices
an asgreement within about 2 percent was generally obtained.

Hot-wire surveys of the flow indicated satisfactorily uniform condi-
tions in the region where measurement apparatus was located.

Measurement of Velocity Fluctuations

As will be described in the succeeding sectlons, additional velocity
fluctuations were introduced into the mesn flow by mechanical devices.
The component of these fluctustions normal to the test airfoil was meas-
ured by nmeans of a directionally sensitlive hot-wire probe. This probe
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conslsted of two approximaetely 0.05-lnch-long and 0.00015-inch-diameter
tungsten wires in the form of an X. The probe was mounted on & vertical
stand and could be both moved wvertically and turned in the horizontal
plane by remote control. The horizontsl position of the stand could be
adjusted between runs. A special rigid-base structure attached directly
to the building walls was brought in through holes in the tunnel floor
and ceiling in order to minimlze vibrations of the probe. Fligure 2 shows
the probe in position.

Facilities for manufacture and repair of the hot-wire probes were
set up at the laboratory. After some initial difficulties, no trouble
beyond occasional breakage and dirt collection was experlenced.

Electrical Cilrcuit

It is difficult to produce two exactly identical wires for a double-
wilre probe. Consequently, in order to obtain pure lateral-velocity
response, the heating currents in the two wires rust be individuslly
adjustable. Therefore, a circult consisting of two separate Wheatstone
bridges was bullt (fig. 3). Currents were measured by reading the volt-
age drop across a precision resistor on a Rubicon potentiometer. Bridge
balance was observed on a Weston sensitive galvanometer.

Calibration of Hot-Wire Probes

The conditions for operating a double oblique-wire probe with pure
cross-velocity sensltivity are derived in appendix A. First, an individ-
ual calibration of each wire is needed for determinsition of the calibra-
tion constants, from which the current and voltage divider settings can
be calculated. BSuch calibrations were made normelly at four velocities
and two values of the overheating ratioc. Calibration of the cross-velocity
sensitivity was obtained by turning the probe in & horizontal plane through
known angles. Independence of fluctuations in the streamwise direction was
finally sascertained by observing the probe response while tumnel speed was
varied within 10 percent sbout the operating condition. Typical single-
wire and cross-velocity calibrations are presented in figures 4 and 5,
respectively.

Satlsfactory linearity and repeatabillity were generally obtained in
the calibrations. Occasionally it was found, however, that after = long
time of operation the calibration changed slightly because of collection
of dirt on the wires. After cleaning the probe, the original calibration
wag usually obtained, in some cases with remarkable accuracy. The wires
were cleaned with ether every day before runs were started, and it is not
believed that serious errors could have been introduced into the measure-
ments by the dirt deposits.
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Since the frequency range of interest in the present investigation
extended only up to about 150 cps, no compensating circuits were used
for the 0.00015~inch tungsten wires.

Messurement of Lift Fluctuations

Since it was desired to obtaln measurements of 1ift produced by tur-
bulence on & simple airfoil configuration, a constant-cross-section wing
spanning the 5-~foot tunnel height was installed on the same rigid
supporting structure as the hot-wire stand. The wing chord was chosen
to be 1 foot in order to provide a reasonably high Reynolds number
(500,000 at 50 mph tunnel speed). The profile is NACA 00LO.

The main structure of the wing consistqq of two full-span 1l- by
f%-—inch steel beems and two %-- by 2%-inch steel flanges, bolted

together. Profile shape was obtained by atteching balsa blocks to the
steel parts. In the center of the wing, & 4-inch-span section was cut
off, except for the two main steel beams; and replaced by a load-sensitive
element mounted on strain-gage pickups. Figure 6 shows details of the
wing. o

The load-sensitive section consisted of two hollowed balsa blocks
joined together by thin curved magnesium’plaﬁes. One of the plates was
supported by three strain-gage load cells in such & menner that the sec-
tion "floated" about the throughgoing stéel structure. Thus, a 1ift load
on the section wag indicated as the sum of the signals ‘from the three
pickups. The load cells were mesnufacturéd by the Dynamic Instrument Co.
Each one consisted of unbonded strain geges, arranged es a four-active-
arm Wheetstone bridge, supporting o steel pin which protruded through
the end of the cylindrical-shape pickup. Dimensions of the plckup were
swall enough to permit complete internal. mounting within the 1.2-inch~
thick sirfoil (see fig. 6). Connection to the megnesium plate was made
by means of a brass bushing and soft solfering. Current to each load
pickup was supplied by a separate dry cell, and the outputs were con-
nected in series. Figure 7 shows the circuit diagram and figure 8, a
typical calibration of one pickup. Before each series of rums, & cali-
bration of the complete system was made and its independence of the point
of application of the load was checked.;

The princilpal consideration in the deslgn of the 1ift sensing sys-
tem was to obtain a mechanism rigid enocugh to avoid excessive displace-
ments and resonance peeks in the important frequency range (below 200 cps).
Both of these purposes were satisfactorily accomplished; the displacements
were of the order of 0.001 inch or less, and a natural frequency of 330 cps
wag obtained. The dynamic response wes tested by means of an electromsg=-
netic sheker. The floating wing sectlon and the plckups were mounted on
en exact duplicate of the local wing-span structure (shown in fig. 6) and
shaken at constant accelersation throughout the desired frequency renge.
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In the first tests, a strong resonance peak was obtained at around 200 cps.
It disappeared completely, however, after stiffening the structure of the
floating section by cementing strips of magnesium sheet to the sides of
the rear balsa block.

A serious problem wes presented by the vibration of the entire wing
structure due to the turbulence acting on it. The wing had a natural

bending frequency of only approximately 25 cps and considerable vibration
was therefore present at the load cell mountings. Instead of trying to

stiffen the wing structure by guy wires or otherwlse, it was “ecided to
install a separate pickup inside the floating section so that it would
regpond to only the structural vibrations. By sultable adjustments of
the feeding voltage and of a dummy mass attached to the pickup, the
dynamic responses of the two systems could be made nearly ldentical.
Thus, if the signal of the dummy system was reversed and connected In
gseries with the main signal, the sitructural vibrations would cancel out
and a gignal indicating the pure serodyneamlc force could be obtained.
The electromegnetic shaker was again used for verification of the cancel-
lation performance. The measured dynamic response curves, referred to
the uncompensated velue at zero frequency, are presented in figure 9.

It should be noted that, while the cancellstion is very effective at
low frequencies, considerable errors appesr at certain frequencies and
especially around the resonance. Since, however, there is an appreciable
reduction in the support vibration response throughout the frequency range
under investigation (even in the worst case at 150 cps the cancellation is
about 75 percent), it was not considered necessary to improve the perform-
ance by closer maiching of dsmping characteristics or other methods.

As far as support vibrations in pitch and roll are concerned, their
effects can theoretically be shown to cancel out if the center of gravity
of the floating section is placed 1n the exact geometric center of the
triangle formed by the three pickups and if the dummy plckup is located at
that same point. The first condition was satisfied exactly by use of small
lead weilghts in the front balsa block. In the second one, & small error
was necessary because of space requirements. In any case, In view of the
relatively high torsional rigidity of the wing, the pitch and roll vibra-
tions are believed to be of secondary importance.

The statlc aerodynamic response of the 1ift sensing system was
obtained experimentally by turning the wing sbout a vertical axis to
known values of angle of attack. The resulting lift-curve slope was
0.08 per degree with excellent linearity through the +70 range covered
in the measurement.

Auxiliary Equipment
A two-channel amplifier was designed and built for use wilth both

hot-wire and 1ift signals. The amplifier operates on the push-pull prin-
ciple and has a one-side maximum gain of 2,400, with a noise level of
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gpproximetely 100 microvolt referred to the input. The noise was, how-
ever, found to consist largely of 120-cpd pickup and could be avoided In
the spectrum measurements. Frequency regponse of the amplifier was flat
from 0.5 cps to several kilocycles. Circult dlagram, amplitude calibra-
tion, and frequency response are shown in figures 10, 11, and 12,
respectively.

By means of & switching circuit, amplifier inputs could be selected
from either external sources or from the bridge circult, such as the hot-
wire signals, their difference and sum, and so forth. The amplifier out-
put was avallable as push-pull or low-impedggce cathode follower signels
?r could)be fed Into a heater-thermocouple unit through a driver stage

fig. 13).

The heater-thermocouple unit producés a smoothed square of the input
signal. Calibrations for steady direct current or sinuscidel signels are
given in figure 1lk. TFor random signels the output fluctuates, making
visual reading of the mean-sguare value difficult. To minimize this
fluctuation, units with a time constant of 5 seconds were obtained from
the Cambridge Instrument Co. in England. Nevertheless, it turned out to
be necessary to average the thermocouple ocutput more accurately by inte-
grating it over a long period of +time (sge section on turbulence measure-
ments) by means of a Mliller type integratoffl The integrator consisted of-
a Reeves direct-current emplifier and a l-microfarad condenser connected
between input and output; 1t has the calibration shown in figure 15.

RESPONSE OF RIGID ATIRFOIL TO SINUSOIDAL GUSTS

Experimental Technliques

The sinusoidal veloclty fluctuations were generated by a 1l-~foot~chord,
5-foot-gspen wing which was rigidly mounted on a horizontally oscillsting
steel rod at the upstresm end of the test section (see fig. 16). The maxi-
mu amplitude of the translatory oscilllation was spproximaetely 2 inches and
the practical freguency range extended up to 10 cps, although at the higher
frequencies the amplitude had to be considerably decreased owing to con-
siderations of wing strength snd rigidity of the oscillator mechanism. The
wing had an NACA 0012 airfoil and a magnesium-skin balsa structure.

The velocity fluctuations and 1lift produced on the stationary wing
were measured by the hot-wire and strain-gage equlpment described in the
preceding section. The frequency of the moving-wing oscillation was
measured by means of a microswitch and a Hewlett-Packard electronic
counter.

The root-mean-square sinusoidal gust velocity was found to be less
than one-half of 1 percent of the free-stream velocity. Although both
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the velocity and 1ift signals were well within the useful range of their
respective sensing units, they could not be satisfactorily dlstingulshed
from the effects of the relatively high free-stream turbulence level of
the wind tunnel. Tt was therefore declded to filter the signals elec-
tricelly by mesns of a General Radio 762-B vibration snalyzer. This
instrument hes a narrow-band-pass characteristic, with a value of the
Q-parameter of sbout 80.

Use of the narrow-band filter greatly reduced the effects of back-
ground turbulence. However, a new Aifficulty sppeared because of a drift
in the oscillator frequency of the order of 0.5 percent of its mean value.
With the nearrow-bend-pass filter, this drift caused fluctuations in the
measured signal of about 30 percent. It was estimated that in order to
decrease this figure to a satisfactory level a frequency drift of only
+0.1 percent would be permissible. The obvious remedies would be either
to obtain a better frequency control for the oscilllator or to use a fil-
ter with a wider flattop charescteristic curve. Both of these measures
would, however, have required design and construction of precision machin-
ery or accurete electronic circuits and involved considerable effort and
expense beyond the resources of the present program.

It wes originally plenned to obtain measurements of the phase angle
as well as of the amplitude gain of the Sears' function. Unfortunately,
the phase shift in the band-pass filter unit turned out to depend strongly
on the gignal amplitude and accuracy of tuning, thus making the phase
measurement impractical. After the experiences described above, it was
concluded that the only way to obtain satisfactory measurements of the
Sear's function would be to perform the experiments in a tunnel wlth a
low background-turbulence level and with an osclllator mechanism which
would be capsble of producing large downwash amplitudes. It is believed
that significant improvements cen be made in both of these ltems in the
present wind tunnel, but only after considerable effort and expense.

A question was reised regerding the possibility that even with
absolutely steady oscillastor frequency the sinusoidel downwash pattern
downstream may have a tendency to "contract" and "expand" in response
to low-frequency disturbances in the streamwise wvelocilty, thus producing
hot-wire and 1lift signals which would exhibit a frequency drift. The
present instrumentation could not provide conclusive results about this
suspected phenomenon; it is, however, believed to be worthy of further
investigation.

In splte of these difficulties, it was decided to make such meas-
urements as were possible in order to gain experience for further work.
The measurements for downwash snd 1ift amplitudes were made in separate
runs with the hot-wire mount and the rigid wing in approximately the
same position. Actuslly, because of structural reasons, the hot-wire
was located about 1/2 chord upstream of the wing leading edge; however,
since phase messurements were not attempted, the resulting error is
negligible,
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Measurement of Sinusoldel Velocity Fluctuatlons

After filtering, the hot-wire signal wes amplified and 1ts mean
square was determined by means of the hester-thermocouple unit. Since
considerable fluctuation was observed in the thermocouple output, inte-
gration over several minutes was necessary The system diagram is pre-
gsented in figure 1T7.

By shutting off the oscillator system, it was possible to deter-
mine the mean-square value of the combination of remaining background
turbulence and ampilfier noise. Subtrection of this value from the meen
square of the total signel should then provide the mean square of the
pure sinusold. Thie correction cannot, however, account for any effects
of the frequency drift. TFigure 18 shows sample recordings of the hot-
wire signsl taken by means of a Brush ogcillograph.

For celibration purposes, & known sinuscidal signal was injected
into the filter input. Frequency of the calibration signal was deter-
mined by comparing it against the oscllliating-wing frequency on a
Hewlett-Packard counter. Considersble scatter is shown in the results

(fig. 19).

Measurement of Sinusoidsl Lift Fluctustions

A somevwhat different technique was used for analysis of the 1ifit
gignals. For reasons which are not completely understood, a consider-
ably lower nolse level was observed in the 1lift signsl than in the hot-
wire output. In pert this is belleved to be caused by some high-
frequency noise lesking through the filter, as was observed to hzppen
to some extent in the hot~wire messurements. Because of the aerodymamic
response cherecteristics of the wing, much less such nolse is present in
the strain-gage signal. S

The smplitude.of the 1ift signsl could now be obtained as an average
of several visual reedings on an oscilloscope at short intervals (fig. 20).
The calibration signal, 1ts frequency determined as in the case of the
hot-wire measurements, was also observéd on the oscllloscope.

The results (fig. 21) show somewhst less scatter than the downwash
nmeasurements.

Theoretical Conslideratlions

According to Ashley (ref. 22), the downwash in the plane of the wake
behind a two-dimensional wing in sinusoidal osclllation can be expressed
a8 follows, provided that the point of observation is sufficiently far
from the wing (distance 1 from midchord):



NACA TN 3878 13

v(1,t) = - 2% el e-ik |y \’%Z—;:;—;%
_ 21kl
ke © {Z4 ﬁE;(%l - ):l -1 Ci\}:(%z‘- - 1)]

where Si and C1 are the sine and cosine integrals, respectively, and
the reduced circulation amplitude is

fl\fl E e G e
-1 E
r:ik[( )(k) + iH(ge) (k)]

and where Gb(g') 1s the local amplitude of the wing oscillation velocity

as a function of chordwlse position ¢! = x/%. In the present case of

translatory motion with amplitude E,

."1‘.0<§r) = -

_ hU(E /%)

52 o)+ 1802 ()

By substitution, the complex downwash amplitude becomes
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A plot of the absoclute amplitude of the downwash angle ¥)/(2z is given
ng. ﬁ [+]

in figure 19 for the present case of El/c X 1%, Since the measured lift-
curve slope of the wing is only 4.58 per radian instead of the theoretical
2x per radian, & corresponding correction hEE beén mede to the plotted
curve, ' :

The sinusoidsl 1ift produced by this downwash on another itwo-
dimensional wing of the same chord has en emplitude (assuming that the
downwash over the wing is constant and equal to the calculated value at
midchord) of '

T- [?-Ui)] (20 [5.0)] ()

where S(k) 1s the Sears' gust function.

L CL
%ﬁ gA 25/0
in figure 21. Since the measured steady-state lift-curve slope of the

lift~sensing wing 1s dCp/do. = 4.58 per radian, this value was again
substituted for the theoretical 2n per radisn,

The absolute dimensionless amplitude is plotted

Discussion

Because of the scatter of the measurements, it wae not possible to
compare the results directly with the results of Sears' gust function.
The measured 1lift, however, agrees reasonebly well with the theoretical
prediction. .

The equipment developed for measuring downwash and 1ift was found
to be satisfectory. However, s much ldwe? ratio of background turbulence
to sinusoidal downwash in the wind tunnel and a better frequency control
of the oscillator are required for sucdessful completion of conclusive
measurements.

RESPONSE OF A RIGID ATRFOTIL TO RANDOM GUSTS

Experimental Technique

For measuring the random downwash and the associated 1ift response of
a rigid airfoil, the equipment described in the preceding sections was again
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used. Both the hot~wire and the lift-sensing wing were placed in the
center of the test section approximately 2 feet apart in order to permit
slmiltaneous measurements of 1lift and downwash. This arrangement elimi-
nates errors due to differences in operating conditions in separate runs.
It 1is not believed that interference effecits large enough to offset this
galn could have been 1ntroduced into the turbulence field.

The downwash fluctuations were generated by a coarse grid installed
approximately 10 feet upstream of the measuring units (fig. 22). The
mesh size of the grid was 6 inches, which was considered to be a maximum
for maintaining a reasonably homogeneous turbulence fleld in the test
ares., The grid members were 1 inch wide with a sguare cross section.

Unfortunately, the turbulence scale obtainable with this grid is,
at most, of the order of the mesh size, that is, less than a half-chord
of the wing. In stmospheric ‘turbulence, scales much larger than the
chord length of an average airplaene are generally encountered (ref. 8).
Naturelly, a closer matching could be obtained by decreasing the model
size; this, however, would result in very low Reynolds numbers, with
assoclated adverse serodynemic effects, as well as Iin instrumentation
difficulties.

A hot-wire survey of the turbulence level in the test area showed
homogeneity of the root-mean-square fluctuation to tunnel velocity ratio
within approximately 5 percent. The average value of this ratio was
approximately 0.03. A background-turbulence level of asbout one-fourth
of 1 percent root meen square was observed in the empty tumnnel. The
turbulent fluctuations are therefore actually generated by two separate
sources, although the contribution of the grid is dominating. Since the
power spectral density of the total turbulent downwash ls measured, the
dual origin does not present seriocus complications.

Recording and Analysis of Data

In order to avold excessively long running times with associated
changes in tunnel operating conditions, both the hot-wire and 1ift sig-
nals were recorded similtaneously on magnetic tape by means of an
Ampex 306 two-channel recorder. The recording time was generally sev-
eral minutes and was determined on the basis of accuracy considerations
which will be discussed subsequently. The system diagram 1ls presented
in figure 23.

The power spectra were determined by playing the recorded signsl
into the thermocouple squaring unit through a narrow-band-pess filter set
at different fregquencies. A General Radio 732-B vibration analyzer was
used as the filter. This instrument has a Wien bridge circuit with a
band-pass parameter Q = 80 and a range from 2.5 to T50 cps.
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Some difficulty was experienced in the calibration of the vibration
analyzer. If the frequency-response curve of the filter at central fre-
quency a, is a(a»ab), the output signal B, 18 related to the power
spectrum of the input 87 as follows: B

852 =f_: la(w,%)lgcbslsl(w)dw

If 0y 1s constant or, in cese of & symmetrical (with respect

to up) |a(w,moﬂ curve, linear over the effective filter range, one
can simplify

S22 = 05 (a) f_m o (esa0)| Faa = 2y 5. (wo)F (o)

Thus, the filter response factor F(ay) 'is needed for quantitative eval-

uvation of power spectrum by the method désc@ibed above. A careful meas-
urement of the response curve la(“h“b)l' was made for selected frequencies

by actually determining the attenustion of a steady sinusoid in the filter

range. Then F(upy) was computed by manpal integration of ‘a(ahab)!
Unfortunately, it was found later that the calibration of the vibration
analyzer was very sensitive to any changes in battery volteges and com~
ponent chsracteristics. Since, for instence, batteries and tubes bad to
be repleced during the vourse of the measurements and a complete recali-~
bration every time would have been impractical, it was decided not to
attempt accurate absolute measurements of power spectra.

The main purpose of the experiments, to obtain values of the transfer
function connecting the input and output power spectra, could be accom-
plished without knowledge of F(ay). Since the hot-wire and strain-gege

outputs were recorded on msgnetic tape, it was possible to run both sig-
nals through the filter successively, so that changes in the filter
between the runs were very unlikely. Thus, even though the measured
mean-gquare values could not be absolutely evaluated to glve the two
power spectral densities, the unknown proportionslity factors were iden-
tical and canceled out in computation of the tramsfer function. The
experimental resulis presented in figure 2L were determined in this man-
ner. ‘The physical frequency range of the nmeasurements is from 3 to

150 cps. An additional dynamic-response correction corresponding to
figure 9 was applied to the 1ift measurémerits at high frequencles.

\J
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Accuracy of Measurements

The errors in the present measurements can be divided into the fol-
lowling two categories:

(1) Measurement errors, arising from changes in the equipment response,
inaccuracies in calibration, reading errors, and so forth. It is difficult
to estimate the total probable error of a system as complicated as the one
used here. The accuracy of voltmeters and other instruments used in cali-
brating individusl parts of the system is generslly within *1 to t% percent.
Repeatability of the hot-wire calibrations is of the same order, and inev-
itable changes occur in the electronic circuits because of tube aging, line
voltage fluctuations, and so forth. Therefore, a total error of several
percent has to be considered probable.

(2) Statistical errors, arising from the fact that the power spectral
densitlies are measured as finite tlme averages. Since the power spectral
density cen be considered an infinite time average of the filtered and
squared signal, a measurement over & finite time has to suffer in accuracy.
Fortunately, 1t is possible to estimate this error on the baslis of results
presented by Rice (ref. 7). Such an analysis applicable to the present
measurements ls presented in appendix B.

The calculated root-mean-square error curves in figure 25 were used
in choosing averaging times at each selected frequency. In general, a
root-mean-square error of 3 percent was planned for in the power-spectrum
measurements. The experimental value of the transfer function, computed
as the ratio of two such spectrum measurements, could then be expected
to have a statistlcal root-mean-square error of the order of 5 percent.
One has to realize, however, that these numbers refer to the root-mean-
square error of an infinite ensemble of measurements performed under
identical conditions. All that can be said regarding an individusl meas-
urement is to state its probability of being within specified limits of
error. For instance, if the probabllity density distribution of the
transfer function is assumed to be Gaussian (epproximaste analysis indi-
cates that this may not be an unreasonable assumption), a S-percent root-
mean-square error implies that a single measurement would have an approx-
imately 90-percent probability of being within +10 percent of the correct
value.

A series of individusl measurements at different frequencies would
show scatter of the order of the root-mean-square error. In the present
case, it is not possible to say definitely whether the few polnts at low
frequencies reflect an unduly large scatter or an anomalous behavior of
the transfer function as compared with the theoretical estimate. At
higher frequencies, where the computed averaging times were also gen-
erally exceeded for practlcal reasons, the scatter is of acceptable

magnitude.
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The best way to increase the relisbility of the present results
would be to obtailn a large number of power-gpectrum measurements at each
selected freguency. The averasge of such;measurements would be essen-
tially equivalent to a result obtained by using & longer, otherwise
impractical, averaging time. The statistical accuracy would be corre-
spondingly improved and some measurement errors of random nature would
alsc be minimized. : -

Theoretical Considerations

The measured characteristice of the turbulent downwash fluctusiions
and the corresponding 1ift on an airfoil sre the power spectrasl den-~

sities ¢, and ¢r7 in terms of the reduced frequency k = ac/2U or

the streamvise wave number k3 = w/U. The transfer function I' is then
obtained from these two spectral densities as follows:

orr(l1)/ uy \2
¢vv(kl) QQL gbe
do

‘P(kl)‘a =

If the veloclty disturbance field were varisble in the stream direc-
tion only, so that the instantasneous angle of attack were constent along
the span, the transfer fumection I'(kj) would be identicel with the trans~
fer function for a wing passing through & sinusoidal gust fleld. For a
wing of constant cross section and infinite span this 1s the Sears' gust
function (ref. 20):

8(k) = Jo (k)X (1k) + 133 (k)Ko (1K)
k) = K (1k) + Xo(ik)

Unfortunately, in reality random velocity disturbances in the atmos-
phere as well as in a wind tummel possess statlsticel characteristics
which are (in most cases) very much the same in any direction the turbu~
lence fileld may be traversed. Consequently, in trying to obtain & real-
istic estimate of the transfer function, one hes to account for the span-
wige veriastion of the instantaneous angle ¢f attack. This brings in a
new varisble, the spanwise wave number kp. An approximate two-wave-
nunber analysis will now be carried out for the geometrical configuration
used in the present experiments. The analysis follows essentially the
line of thought presented by Liepmenn (ref. 15). Tt should be emphagized
thet the general procedure is by no means restricted to the simple wing
geometry and turbulence spectra considered herein.
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Using the coordinate systems defined in figure 26 and assuming the
validity of Taeylor's hypothesis for the motion of the wing through the
turbulence field v(x,y), one cen write the 1ift dL on a chordwise
strip of width dy at y sas

aLxy) = =L & v [] v(es n - v])wix - esmiat an

where h(g,[n - yl is the influence function for 1i1ft per unit span

at ¥y produced by a unit downwash impulse at position (¢,1) with respect
to the wing. The total 1ift as a function of the position of the wing in
the x-direction is then

L(x) = (Z%L %) j::i dyﬂah(g,[n - yl)v(x - £,n)dt dn

s e

At this point it 1s convenient to introduce an integrated influence
function

hy(E,m) = % ]:;2 h(g,ln - yl)dy

which represents the 1ift on the whole lift-sensitive sectlion of span b
due to & unit impulse downwash at (&,n) (see fig. 26). After substitution
one obtains

aCr qcb [V
L(x) = ﬁ%ﬁhb(g,n)v(x - &,n)at dn

To bring in the power spectral density, one forms the correlation
of L(x), which is taken as an ensemble average over L(x)L(x + Ax):

205G+ ) = (o %) [TIT (e (toom) v - 1) ¥{x + & - Earnglity Gk dny ang
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If the turbulence field is homogenepus in the xy-plane, the ensenble
average over the velocity product is independent of x and can be replaced -

by the two-dimensional autocorrelation Eb'w[Ax + (gl - 52), (“1 _ ﬂ.g)] . Simie
laerly, the 1ift correlation can be expressed independently of X, giving

prplax) = <%;CL %)Efwhb<§1:ﬂ1)hb(§2:ﬂ2)5v%" +.<§1 - 52): (’11 - ﬂa)] dgy dEp dmy dnp

Now, ®,, cen be written in terms of its Fourier transform, the

power spectrum ‘Dw(kl ,kg) , a8

1 Eil(&+§1'§2)+k2 ("1'"2)]

'c‘ﬁW[Ax + (81 E2)s (M- ne)] =j3vv<kl,ga)e

dky dkp
By substitution and interchanging the order of integration

v (1) = <%'Cd‘_2 g%-c)sz eik]_AX fw gw(kl"k-?) _[Thb(gl’nl) exp 1(k1§1 +

-0
o -
kz"ll) dgy dny jf hb(éa:ﬂe) exp -i(klie + keﬂz)dﬁe dnp|dlpr diy -
-00 ’
If one now defines & two-wave-number trensfer function
~ k
By ) = f f n (2, m)et 167620 g a
-

+he 11ft correlation can be written

orr(ax) = <g%- 33—°)2 f eik1MUw$w(k1;k2)"f"(k1:k2)‘zdkg]d.kl ’
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From the unliqueness of the Fourier transform it follows then that the
1ift power spectrum must be

Hence, instead of Sears' function, one obtains a two-wave-number transfer
function ?(kl,ke) and consequently also has to deal with a two-wave-
number turbulence spectrum $vv(kl’k2)‘

In trylng to obtain an analytical expression the result of which
could be compared with the experimental result, it is seen from the above
that only ¢LL(kl) is measured directly. The measured turbulence -spec-

trum ¢vv(kl) 1s related to avv(kl’k2) through integration as follows:

O (k1) = j: 3w(k1:k2)532

Furthermore, there are no accurate aerodynamic theories for a calcu-
lation of P(kl,ka). Consequently, one 1s forced to make the following

simplifying assumptions in order to establish a comparison with the
experimental results:

(1) Tt is assumed that the 1ift influence funection follows the aero-
dynemic strip theory; that is, the 1ift at any spanwise position y on
the wing depends only on turbulence at 7 = y. This leads to

n(t, [n - )

bo(E)8(n - ¥)

By = & by (8) GRS
hy, = 0 On[ > %)

The strip-theory assumption 1s certainly not correct, because it elimi-
nates all effects due to the seml-infinite wing extensions. The resulting
approximate formulas are therefore identical with those derived with the



22 ' NACA TN 3878

same agsumptions for a finite-span rectangular wing. Too high 1ift values
can be expected, especially at a low aspect ratio. However, it is proba-
ble that in reality the "tails" of the irnfluence function (fig. 26) die
out rather rapidly, so that the error will decrease with increasing span.
In any case, it is. believed that no fundsmental properties of the result
would be lost because of application of strip theory.

(2) It is further assumed that the 1ift response of each strip is
characterized by the Sears' function. Thuse, ho(g) will be the Fourier
transform of Sears' function, and one can write

f n, (8)e 15ag S<%l~) - 5(k)

By substitution, the two-wave-number tranefer function then becomes

- /2
T iy ieg) = %jj B eikz"dnm h&é)eiklgde]

1 bkp
81l =—— - R
~ 2 °kl)
Tk k2 = : S<

( l’ ) bikp /2 2

2

The 11ft power spectrum can now be written_
bko
: sj’_ne 2
f (1 (kl,ke) ak,
-=Q0

Bl

(3) In order to bring in the measured_one-wave-number turbulence
spectrum ¢Vv(kl)’ the following span-correction factor is defined:

o) = (ZSLL qgc)

=
w gin® 5=
i
2

j: 3&(“151‘2)‘11‘2

efos) -
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The 1ift power spectrum becomes then

2
cky
(%)

dcCr, q_bc) 2 . (b, kl) 2, (kl)

oz 1) = (o 2

In this expression everything else is known or measured except
g(b,ki). Actually, nothing has been gained so far, because calculation

of g(b,kl) requires information regarding the two-dimensional turbu-
lence spectrum 'ECkl,kg). However, g(b,k) contains only integrals of
the spectrum and consequently may not depend too much on the exact expres-
sion for Evv(;l,ke). The possibility of using a simplified expression
for computation of g(b,ki) becomes apparent; even then, however, some

connection must be retalned to the actual measured spectrum through one
or more free parameters.

Experimentsl results (for instance, refs. 23 and 24) indicate that
grid turbulence can be reasonably described by a simple spectrum which,
assuming homogeneity and isotropy, leads to the following form of the
two-wave-number power spectrum for the fluctuation component normal to
the maein stream (see also ref. 15):

(Evv)c)ogl,ka) _ 5A# ;ﬁiégl2 + k22)

" [1 + A2 (k12 + k22)] >/

The integral scale A, formally the integral over the corresponding nor-
malized correlation function for streamwise fiuctuations, represents a
characteristic length of the turbulence and is the free parameter to be
-determined by compsrison with the measured spectrum. In this matehing,
use can be made of the integral

A 21+ 34%52)
(l + A?klE)z

R

(Qw)o(kl) = j_: (3w) O(kl, kg)d_ke =

which can be compared directly with the measured vi(k ).
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Substitution of (Evv)o into the expression for g(b,ki) yields
£inally ‘

o : . € N

where K, and Kj; are modified Bessel fimctions of the second kind and

ll\il + A.zk.l2
2A .

m
]

B = ARy

A graphicel presentation of g(b,kl,ﬁ; is best given in terms of the

dimensionless parameters b and By = EEl. Such a plot is presented
T 2

in figure 27, while figure 24 gives the comélete transfer function
iS(k)IEg(b,%g,A) for the present experimental configuration at A/b = 1

and 1/2. Tt should be noted that even i# Ab—>», Sears' function is
obtained as a 1limiting case for all values 6f k only when b/c—->0,
that is, for en infinitely nerrow sirip..

It can also be shown that, for small values of b, g(b,kl,A) can
be expressed in power series as

g = 1 - Constant X.b2 + . . . (b << A)

Thus, the power spectrsl density and its integral, the mean-square 1ift,
are proportional to the square of the wing area for small values of span.
This result is in accordance with the general behavior of linear systems
responding to turbulent excitation. TFor high values of b/A, however,
one obtains the following asymptotic expression:

1 r 1l - 5./\212]_25 ‘+ 51IA21{12 (b eo)

8o = 1+ 307K, [(%)2 (1 ¥ Aekia) (%)m

!
1
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This means that for large-span wlngs at low wave numbers, the span correc-
tion behaves proportionally to l/b2, whereas at high wave numbers it
becomes approximately l/b. If one then considers the 1lift power spec-
trum, which includes a factor b2 in the square of the wing area (the
Sears' function also included is independent of b), the mean-square

total 1ift cean be integrated in the form

EE——>F1(%> + Fe(ijb (b—>)

wvhere Fp, Fp ¢ O.

In summary, if the wing span is increased from zero while keeping
a1l other conditions unchanged, at very small spans the mean-square 1ift
first increases proportionally to the square of the wing area. TFor large
values of the span, the low-frequency part of the 1ift spectrum approaches
asymptotically a constant nonzero value, while the high-frequency part
becomes asymptotically proportional to the span. Correspondingly, the
asymptotic expression for the total mean-square 1ift has a constant term
and a term proportlonal to the span.

Discussion of Results

The experimentsl results obtained in the present investigation are
plotted and compared with the corresponding theoretical predictions in
figure 24, As pointed out previously, the turbulence scale A appearing
in the derivation of the span correction factor g should be determined
on the basis of the measured one-wave-number spectrum. Attempts were
made to do so; however, since the quantitative values of the power spec-
trum were doubtful and in any case extended over a limited frequency
range, a rellable estimate of A could not be obtained In this manner.
Dryden, Schubauer, Mock, and Skramstad (ref. 23) have investigated the
turbulence scale downstream of coarse grids. If one neglects differences
in the shape of grid members and possible effects of the background turbu-
lence in the wind tunnel, the measurements of reference 23 would indicate
for the present case a scale roughly 20 to 25 percent of the grid mesh
size, that is, A = 1.2 to 1.5 inches. This would mean O.k < Afb < 0.5,
vhich is in good agreement with the experimental results at reduced fre-
quencies gbove approximately 0.5; at lower frequencies the scatter pre-
vents definite conclusions.

Concurrently with the present investigatlon, Lamson (ref. 13) has
measured the aerodynamic transfer function of an essentially similar
configuration. His results cover two turbulence scale-to-span ratiocs
(10/7 end 5/7) and glso demonstrate the effect of end plates shielding
the measuring element from turbulence along the fixed span. The corre-
sponding theoretical transfer functions, based on the present analysis,
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are compared with Lamson's data in figure 28(a) (no end plates) and 28(b)
(with end plates). In the former case, agreement in order of magnitude
and dependence on ‘turbulence scale-to-gphn ratic is obtained at k > 1.
In case of end plates, the analysls coulld actually be expected to be more
accurate in view of the strip-theory sssumption; in fasct, for k > 0.8,
Lamson's measurements are now above the theoretical estimates. For lower
values of the reduced frequency, the experimental results in both cases
fall below the analytical curves and for k < 0.2 +the dependence on tur-
bulence scale-to-span ratio is actually reversed,

Thus, at high-enough reduced frequencies, the present enalysils pre-
dicts an order of magnitude and dependence ‘on turbulence scale-to-span
ratio in essential sgreement with existing ‘experimental evidence. The
quantitetive difference between the meaguréiients of Lamson eand those of
the present report masy be traceable to factors such as the use of a wing
of total aspect ratio 2.8 in en open jet (Lemson) and one of aspect
ratio 5 in a closed wind tummel (present investigetion). Also, the
method employed by Lemson for determination of turbulence scale is &if-
ferent and actually mekes use of measured characteristics of the power
spectrum.

It is believed that a more extensive, systematic series of measure-
ments involving several wing configurations 1s still needed for complete
and conclusive evaluation of the validity of the theoretical spproach.
Such measurements should be accompanied by a detailed investigetlion of
the turbulence in order to determine its scale and to see how well the
assumption of the approximate gpectrum formula is Justified. Analyti-
cally, the weakest 1link appears to be the use of strip theory in the
computation of the merodynamic influence fumctions; theoreticsl research
on this problem would be very worthwhile. -

CONCLUDING REMARKS

Instrumentation for measurement and analysis of downwash and 1ift
fluctuations was developed and found to operate gatisfactorily.

Experimental values of Sears' gust function could not be obtained
because of excessive scatter of the measutrements. The order of msgnitude
and trend of the measured downwash and|lift, however, agreed with theo-
retical predictions. Conclusive measurements would require improvement
in environmentel conditions, especially in the background turbulence
level of the wind tunnel.

Measurements were made of the trahsfer function between the power
spectra of random downwash and the 1ift produced thereby on a gimple
rigid airfoil. An epproximste theoretical result wes also derived and
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compared with the present measurements as well as with those of another
investigation. Reasonable agreement was obitained at high reduced fre-
quencies. Further experiments are recommended in order +to evaluate com-
pletely the validity of the theoretical approach. Improvements in the
theoretical treatment would also be desirable, especially in regard to

the aerodynamic influence. functions.

Massachusetts Institute of Technology,
Cambridge, Mass., July 1, 1955.



28 _ NACA TN 3878
APPENDIX A

OPERATION OF x-WIRE HOT-WIRE PROBE FOR CROSS-VELOCITY

MEASUREMENT

The customary practical representation of the response character-
istics of an obligue hot-wire is based on Kings' law combined with the
assunption that the wire responds only to the velocity component normal
to it. (See sketch and, for instance, ref. 25.)

{——

vth\;
u U

.\;r

The resulting mathematical expression 1s-

2_ 12 2 <U¢osxy+l) (a1)

where I, and U, are calibration constentg, I 1s tThe heating current,
U 1is the velocity, Vv 1is the sweep angle{;and aw' = (Rw - Re)/Re, the

overheat factor or the relative resistance increase due to heating of the
wire. In terms of the current I and cold resistence Ry, the voltage

output v of the wire can be expressed

1Re

v = 77 T (a2)

1- > -
21, Kyu cos ¥
—— ]
UO

If the velocity is perturbed slightly by disturbance components u
and v, the linearized perturbation in v will be
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1+ U cos V¥
To2Re Us v
Lv = ( )
T2y 5 2 cot ¥
1+ 20 -2l 4 [Ucos ¥
U cos ¥ 12 Uy
= Cu + Dv (43)

provided that current I 1s kept constent, which is the case in the
present hot-wire circuit.

In an X-probe, another wire is placed at an angle of approximately
=¥ with respect to the flow. If one now combines the outputs of the
two wires as follows, applying a voltage stepdown device with factor r
to one wire, the total response is

(Clu + Dlv) - r(Cgu - Dzv)

(e - rOp)u + (o1 + rDp Jv (ak)

If the wires and their operating conditions were exactly identical, one:
would have Cj = Cp, &nd with no voltage stepdown (r = 1) the probe would
respond to v-fluctustion only.

Generally, it is not possible to produce two wires with exactly
identical calibration constants. However, even in that case, the fac-
tor € - rCo can be made equal to zero independently of the mean

velocity U by suitable choice of the heating currents, the probe
orientation with respect to the meen flow, and the stepdown ratio r.
By examination of equations (A3) and (A4), one can write the following
conditions:

Heating-current ratio,

I _(To)y A
= o (85)
stepdown factor,
r = (Io)l Re)l (A6)
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and probe orlentation,

cos ¥ _ (UQ)l

cos VYo (Ué)e (ar)

where V¥y + Vo 1is constant.

The calibration constants I, and ‘Re can be readily obtained in

the form of equation (Al) from static celibrations of the individual
wires, thus meking possible the fulfillment of the first two conditions.
The third one implies knowledge of the total angle between the two hot-
wires. There ig, however, no need to perform elaborate precision meas-
urements and adjustments of the probe because the fulfillment of the
three conditions (egs. (A5) to (AT7)) also maske the total dlrect-current
output vy,» of the two-wire combination equal to zero, as can easily
be seen in”the following equation:

I (Re : I,(R
vl,2 = V] = TVo = l( )l — - 2( e)g
1 132 1 1 e [ 1
Y6 — - ——
1 LU cos V¥q b1 2(10)2 U cos Vo 1
(Uo)y - (Uo) o
(A8)

Thue, one need only to adjust the heating currents and the stepdown
voltage divider to satisfy equations (A5) and (A6); thereafter, the third
condition (eq. (AT7)) can be satisfied by turning the probe relative to the
main veloclity direction (i.e., by varying V¥q and V¥p) until such a posi-
tion is found where the total direct-current output (eq. (A8)) vanishes.

This procedure was successfully followed in practice. After adjust-
ments of the probe were completed, 1ts sensitivity to streamwise
u-fluctuations was checked by varying the tumnel speed. Generally, the
response to a u-disturbance was found to be at most & few percent of the
response to a v-disturbance of the same magnitude. -
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APPENDIX B

STATISTICAT, RELTABILITY OF POWER-SPECTHUM MFASUREMENTS

Since it is impossible to measure in practice the infinite time
average ilmplied by the use of generalized harmonic analysis, determinea-
tion of sufficient observation time to obtain values of power spectral
density with a specified statistical reliability poses an lmportant prob-
lem. TIn general, the observation time has to be large compared with any
characteristic times of the random process. However, since these quan-
tities are themselves objects of measurement, beilng involved as param-
eters in the power spectrum or correlation functions, one has to resort
to assumptions regarding the probable shape of the power spectrum.

Tukey (ref. 26) considered the accuracy of power spectra computed
from a discrete set of sample points of the random function, including
different spectrum shapes. The present analysis desls with the relia-
bility of continuocus mean-squeare measurements of the output of a narrow-
band-pass filter subjected to the random input and is based on the line
of thought presented by Rice (ref. 7). Davenport, Johnson, and Middleton
(ref. 27) discuss the same problem employing assumptions somewhat dif-
ferent from those of the present investigation.

It is assumed that (1) the power spectral density to be measured is
constant over the filter range; (2) the random process is Gaussian;
(3) the band-pass filter is approximately a single tuned circult with
response

la(w’wo)lz B lw - ag)\2
()

() the squaring device is a heater-thermocouple unit with time lag; and
(5) the averaging 1s done by direct integration of the squared signal.

let f£(t) represent the filter output; then, the thermocouple out-
put is

t'~t

t ——
s(t) = Tif e T¢ £2(41)at!
C -0
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where T, d1s the time constant of the thermocouple. The infinite time

average of s 1is § = f2 (ref. T7), while measurement over time T
yields

t'-t
T T t T
TJo 0 "C\Jo

It is desired to determined the variance of s, that is, the quantity

> [5-8Q 3 .
0'—( S )—-é—'g—_l

Now,

T —
5 AT
#e _CU 8(t1)s(t2)dty dtp = %2— fo (T - T)ggg(T)dr

where ¢gz 15 the normelized correlation fumction of s(t). The prod-

uct 52¢SS(T) can be derived from the filter response; by Fourler trans-

form one finds that the normelized correlation function of the filter

output is .

wg |7

s
cos W,T

opp(T) =€

and according to Rice (ref. 7)

520, (T) = B2{L + %C-I e Te Effa(%, +7) + 9p2(t - 'r):l at
O :

The resulting mathematical expressions becdme rather lengthy; however,
e convenient simplification can be made by. assuming that Q? >> 1 and

(anc)g >> 1 which is true in meny practicsl cases. By carrying out
the detailed computations and successive substitutions one finally
obtains (denoting wT[Q = p end @yTe[Q = 7)

sl -7+ 7eP[7 - &=P)
P 1 - y2
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In the present investigation Q = 80, T, = 5 seconds, and

3< g% < 150 cps; hence, approximately,

1< y< 50

Curves of o{p) are plotted in figure 25 for ¥ = 1, 10, and 50. It is
seen that, for example, statistical accuracy of 3 percent root mean squsre
implies the use of integration times of the order p = 50, that is, from
5 seconds at ab[zﬁ = 150 ¢ps to over 3 minutes at wb[2ﬁ = 3 ¢cps. In

practice, these times were exceeded by a substantial msrgin to meke some
allowsnce for deviations from the assumptions employed in the analysis.
It is to be emphasized, however, that the % percent is the root-mean-
square error of asn infinite ensemble of measurements and, therefore, it
is impossible to guarantee the accuracy of an individusl measurement
within specified 1imits.

Some comment may be in order regarding the curves presented in fig-
ure 25. At a low value of p the error decreases wlth increesing time
lag 7, which is consigtent with physical intuition about the effects
of smoothing; however, at higher values of p +the trend is reversed.
The reason for this can be seen by considering the error equation, which
may be written

| T
0'2 = é@)‘/; (T - T)CPSS(T)G-T -1

While increasing time lag decreases 52/52 it also mekes the fluctuations
of s more correlated and thus increases QSS(T) in the range of integra-

tion. At long integration times, the latter effect becomes dominating.

The values of ¢ at p = 0 represent the standard deviation of
an instantaneous cbservation and thus can be employed to estimate the
frequency above which integration is no longer necessary.
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Figure 2.- Hot-wire probe.
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